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grounded ferrite slab are investigated. Electromagnetic fields
of the structure are in terms of a continuous plane wave spec-

trum. Tbe spectrum of each field component is obtained nu-

merically through the exponential-matrix method. The surface
waves of the strncture are extracted from the continuous spec-

trum by using the residue theorem and the method of steepest

descent. Two types of surface waves are found and their prop-

erties are described. The surface wave modes found incltide dy-
namic surface wave modes which are closely related to the sur-

face waves of a grounded dielectric slab, and magneto-static

surface wave modes which are related to the solution of La-
place’s equation for the magnetic potential.

I. INTRODUCTION

G
YROTROPIC materials (ferrites) exhibit magnetic

anisotropy with the application of external dc mag-

netic fields. The permeability of the material is described

in a tensor form, where its elements are determined by

frequency of operation, ferrite saturation magnetization,

and applied dc magnetic field [1], [2].

For an open geometry, circuit discontinuities introduce

surface waves which contribute to the loss mechanism of

the circuits. From an antenna point of view, electromag-

netic fields due to a current source on a ferrite substrate

are in the form of a continuous phase wave spectrum. The

waves propagating laterally, which are often called sur-

face waves, are essential to the characteristics of the

printed circuit antenna [3].

Surface waves due to an infinite line source on an fer-

rite slab have been studied by a number of investigators

[4]-[10]. The problem which they had studied is for fields

with no variation in one of the planar directions. The sur-

face waves are either TE or TM modes and are plane

waves with an equi-phase plane perpendicular to the

ground plane. The characteristic equations for both TE

and TM modes are simple transcendental functions. Also,

the propagation constant of the TM modes is the same as

the TM modes of a dielectric substrate with the same ~,.

It had been found that there exist two types of surface
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wave modes. One is the
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mameto-static wave mode and

the other is the dynamic surface wave mode which is re-

lated to the surface wave modes of a dielectric slab. The

magneto-static waves have been found to exist only in a

certain frequency range and only when the bias magnetic

field is in the planar direction and perpendicular to the

direction of wave propagation. The properties of magne-

tostatic surface waves due to a point source are discussed

in [11], where magnetostatic equations instead of Max-

well’s equations are solved. The analysis described in [11]

is a simplified approach and can not account the dynamic

surface wave modes. In this work, we study the surface

waves due to an arbitrarily oriented current source on a

ferrite substrate with bias magnetic field. The bias field

can be in any direction. The approach adopted is an exact

full-wave method in which all the physical phenomena are

taken into account. For simplicity and without the loss the

generality, the current source is assumed to be an infini-

tesimal dipole (6 function). It is of interest to know the

phase front and energy distribution at any observation an-

gle, and the different properties of each distinct surface

wave modes.
Since surface waves always exist in integrated circuit

structures, from both theoretical and practical points of

view, it is of interest to study the surface wave properties

due to the anisotropy of the ferrite substrate. In Section

II, the plane wave representation of electromagnetic fields

due to an arbitrarily oriented current source on ferrite sub-

strate are described by using an exponential-matrix

method [12]. In Section III, the analysis for extracting

surface waves from a continuous plane wave spectrum is

discussed. The numerical results for the characteristics of

different surface wave modes, including surface wave pole

diagrams. equi-phase contours, and power distribution,

are shown in Section IV.

II. FIELDS DUE TO A ~ SOURCE ON A FERRITE

SUBSTRATE—GREEN’S FUNCTION

The permeability tensor of biased ferrites is in the form

of

[1
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where

0)(3= -y/L()l+), &rM = 7/-@fs , (3)

A4~ is the material saturation magnetization, Ho is the dc

magnetic field, y = 1.759 x 1011 kg/coul. Also

[

cos 190cos @o cos 190sin @o – sin 00

[s] = – sin +0 Cos 40 1
0,

sin 190cos 40 sin 00 sin 40 Cos 00

(4)

with the dc magnetic field in the direction of N, where

i = sin 00 cos 40.t + sin 60 sin 4oj3 + cos 0.2. (5)

The Green’s function for a ferrite substrate does not

have a simple analytic form. For the problem of interest,

sources are either tangential to the surface of the substrate

(microstrip) or perpendicular to the ground plane (probe).

This geometry is shown in Fig. 1. Then Maxwell’s equa-

tions for the fields inside the ferrite slab (O < z < d) are

VXZ=–j@”;

and

v x R=juErz + Z18(X – X’)d(y – y’)d(z – z’),

(6)

where d is a unit vector and x’, y’ and z’ are the source

coordinates. If it is assumed that the structure is homo-

geneous in the planar direction (x-y plane), one may in-

troduce the following Fourier transformation

2 1 ‘E!— _m ~ (k.t, ky)e-JL’(x-’’)JkJ(’’( ’-y’) dk. dky.

2 = 4~2

(7)

z’)

(8)

(9)

With (8) and (9) and after some algebraic manipulations,

one may obtain coupled first-order differential equations

which in a matrix form are

; [t(z)] = [~l[f (z)] + [~11 ~(z – ‘z’) (lo)

2

I !)

/ b*+

T ~

Fig. 1. An elementary source on a ferrite substrate.

where

[1
kXHX (Z) + kYHY (z)

J@. (z) – kx~, (z)

[i (z)] =
k.~. (Z) + kY~y (Z) ‘

ky~x (Z) – kx~y (z)

rall a12 a13 a141
[A] = ‘2’ ’22 ’23 a“

a3, a32 a33 a34

and [U1] is either [Ux], [UY] or [UZ] and

[Ur] =

and

[u,] =

L

–ky

kx

o

0

[Uy] =

[

k,

ky

o

0

0-

0

(k: + k; )/(WoEr)

o

(11)

(12)

[U. ], [UY] and [?7] are for the current source in the x, y

and z directions respectively. The matrix elements of [A]

which is a function of the- spectral variables k,, ky and

material parameters, are shown explicitly in the Appen-

dix. If one defines the 4 x 4 matrices [h] and [$] as

rA,000
1

OX*OO
[A] =

00A30
(13)

L000X4
J
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and

(14)

where hi and @’i with i = 1, 2, 3, 4 are the eigenvalues

and eigenvectors of the matrix [A], the fol~owing identi-

ties hold.

[A][~] = [&][X] and [A] = [~][~][~]-’. (15)

Equation (10) can therefore be written as

$ ([&l-’IJ (z)]) = [~l([J1-’[J(z)l)

+ [?]-’[VI] 6(z - Z’). (16)

As a result, the solution of ( 10) for z. # z’ is

[i(z)] = [T(Z – Zl)l[i(zl)l, (17)

where

[~(z)l = [;1

~hlz () oo -
(J ~A2i () ()

o () ~A3c ()

Lo 0.
0 eA4z

[~]-’. (18)

It is quite clear that the physical meaning of the matrix

[T] is to relate the tangential electromagnetic fields at one

surface (z = z I) to another (z = Z2). For the geometry

shown in Fig. 1, the tangential electromagnetic fields at

the air-material interface can now be related to those at

the ground plane as

[T(z’ - d)l[i (d)] – [~(z’)l[i (01 = [u,] (19)

or

[J(d)] – [~(d)l[i (0)1 = [T(d – Z’)IIUII. (20)

The electromagnetic fields in the air (.z z d) can be

derived in a straightforward manner. With this result to-

gether with the boundary conditions that the tangential

electric fields are zero at the ground plane, one obtains

[~(d+)] =

and

where zi, b, z and ~ are unknown

determined.

(21)

spectral quantities to be

Equation (20) is a matrix equation with four equations

and four unknowns, where the solution determines the
quantities ii, b, d and ~. As a result, [~ (d + )] and [~ (0)]

are determined. The spectral field components at any z

can be found from (21) and the translation matrix [T(z –

z’)].

III. SURFACE WAVES ON FERRITE SUBSTRATES

The complete electromagnetic wave spectrum has been

derived in Section II. The electromagnetic fields may be

written in the following form:

m

H m~(k., ky, z)
2(X, y, z) =

—m —m ~(k ky)

. e-Ale -Ay dkx dky (22)

and

mm

HFi(x,y! z) = _@
~(kx, ky, Z)

-co D(kX, kY)

. ~–kxe-j~v~ dk,r dky . (23)

The surface wave contribution comes from the singulari-

ties of the integrand, which are defined by the solutions

of D (k., kY) = O. The plots of surface wave pole contours

in the spectral (kx, ky ) plane constitute multiple continu-

ous curves. Each contour corresponds to a surface wave

mode. Each surface wave pole contour is found numeri-

cally. Using the residue theorem, the surface wave fields

can be written as

!Z;(k., Z)
Es(x, y, z) = –rj ~

1 D; (k.,)

-e –Jk,xe–jfi (k, )V &
x (24)

and

~

?; (k,, Z)
As(x, y, z) = –rj 2

i D;(k,)

-e –jkrxe –j~ (k.,)Y dk
x> (25)

where

~;(kx, Z) = ~(kx> ky> Z)lk, =fi(k.+ (26)

~;(kx, Z) = C(kx, ky, .z)lk, =fi(k,)? (27)

a
Dj(kx) = ~ D(k ky)k=j(m (28)

y

and kv = j (k. ) is the functional form of the roots of D (k.,

ky) = O with i = 1, 2, 0 “ “ . With the coordinate trans-

formation

x=pcos~ and y=psinq$, (29)
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and with the saddle point method [13], the surface wave

far fields (p >> 1) are

(*1 –j)7r& ‘“
E.(p, @, z) =

~ Aj(k;, z)

24 i D;(k; )

(30)

and

(31)

where the saddle, points k; with i = 1, 2, “ “ “ are the

solutions of

4(L) = _cot ~

dkx
(32)

The equiphase plane is

P (k: cos @ + J (k:) sin O) = constant. (33)

The power density in a particular direction @ is

IV, RESULT DISCUSSIONS

Surface waves in a grounded substrate propagate along

the material-air interface and decay exponentially toward

free space. For isotropic substrates, surface waves are cy-

lindrical plane waves and are either TM or TE modes. For

anisotropic substrates, surface waves are no longer in a

TE or TM form. Moveover, due to the asymmetry of the

material anisotropy, the wave front is not of a cylindrical

shape.

For two-dimensional surface waves with no variation

in y and biased field in the y direction, the fields are in

the following forms [5]:

E – ~ (z) e ‘J6’ (35)

and

i2- ~ (z) ~-jb’x (36)

with the characteristic equation for TM modes

pq coth (q d) = ~K – (P2 – K2)~,

(37)

and the characteristic equation for TE modes

‘O1l!;

3:

2:

1.

0 [ 1 I
o 8

frequencj in G }“:Z

Fig. 2. Surface wave modes of a grounded ferrite slab. d = 0.5 cm, .s, =
15, H,e = 100 G, M,, = 10H,.. ——TM mode; —-— TE modes waves
propagate along +i; ---- TE modes waves propagate along –i.

where

q = J~2 + k;cr(K2 /p – p) (39)

and

q, = ~. (40)

An example of the dispersion curve is shown in Fig. 2. It

is seen that there exist four modes with a resonance where

the propagation constants are infinitely large. These

modes are similar to the solutions of the Laplace equation

for the magnetic potential and are often called magneto-

static wave modes. The TM mode with no cut-off fre-

quency is identical to that of a dielectric slab, while the

TE modes that turn on at higher frequencies have char-

acteristics similar to those of the TE modes of a dielectric

slab. These modes are called dynamic surface wave

modes. The magneto-static wave modes exist in the fre-

quency range of 4 @o(@()+ mm) < @ < coo + mm.

Surface waves due to a dipole current on a ferrite sub-

strate can be described in terms of a continuous plane

wave spectrum. The plane-wave ferrite modes described

above are a spectral component of the continuous spec-

trum (kY = O, k, = ~). From the derivation of the surface
waves in Section III, it is seen that the surface wave pole
contour plays an important role in determining the prop-

erties of the surface waves in the far zone. The slope at

any position of the contour corresponds to an observation

angle d. At this position, the spectral variables k. and ky

determine the plase constant of the waves, and the second

derivative is related to the strength of the fields at that

particular angle 4.

The numerical results are for the case of a ferrite sub-

strate with thickness of 5 mm, dielectric constant 15, sat-

uration magnetization of 1000 G, bias H field of 100 G.

The direction of the bias field is assumed in the j direc-

tion, The dominant surface wave mode for an isotropic
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Fig. 3. Surface-wave pole contour of the fundamental mode

substrate is a TM mode, whose equiphase plane is a cir-

cular cylinder. For a ferrite substrate, the surface wave

pole contour and the equi-phase plane of the fundamental

mode are shown in Figs. 3 and 4, respectively. The fun-

damental mode is a dynamic mode which is similar to the

TM mode for an isotropic substrate. It is seen that the

dynamic surface wave pole contour is a closed contour

and that the slope at each point of the contour corresponds

to an observation angle. Since the slope varies from – m
to co, according to (32), the equi-phase plane at any z

covers the entire region (d varies from O to 27r). The pro-

cedure for finding the phase front from the surface wave

pole contour can be described as follows: First, one starts

at any point on the contour (k., kY) and finds the slope at

that point. Then from the slope, one finds the observation

angle @. The phase constant at that observation angle is

kx cos @ + ky sin r$. It is seen from Fig. 4 that for a j

directed bias field, the fundamental mode has a smaller

propagation constant in the positive x direction than in the

negative x direction. Also, for the bias field in the j di-

rection, the surface wave is symmetric with respect to the

f axis. This phenomenon exists due to the symmetry of

the permeability tensor and is true for all waves including

radiated waves as well as the dominant and higher order

surface waves. The equiphase plane is otherwise quite ir-

regular. The power density is defined as the total power

in any @ direction per radian. The surface wave power

pattern for an isotropic substrate is a figure eight. The

power density patterns for the fundamental mode of a fer-

rite substrate are shown in Figs. 5 and 6 for the current

in the f and j directions, respectively. It i; seen from Figs.

5 and 6 that due to the bias field, the power pattern of the

first surface wave mode of a ferrite substrate may be

highly directive, especially when the bias field is in the

same direction as the current source. The direction of the
main beam may be controlled by the strength of the bias

field. This phenomenon may find applications for surface

wave antennas. It is also seen that the angle where the

power pattern has a null moves with the change of the

direction of the bias field. For the source in the f direction

4

J

Fig. 4. Equl-phase plane of the fundamental mode at Z = constant.

Fig. 5. Power pattern of the fundamental mode. d = 0.5 cm, e, = 15, &
= 100 G, M,, = 10HdC, F = 6 GHz. Biased H field m the y direction,

current in the x direction.

Fig. 6. Power pattern of the fundamental mode. d = 0.5 cm, E, = 15, H~C
= 100 G, M, = 10HdC, F = 6 GHz. Biased H field in the y direction,

current in the y direction.

and the bias field in the j direction, there is more surface

wave power in the f than in the —-f direction.
The surface wave mode with a closed pole contour de-

scribed above is similar to the surface wave modes of an

isotropic substrate. However, for a current source on fer-

rite substrate, it is found that there may exist additional

surface wave modes. These three-dimensional surface



618 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 40, NO. 4, APRIL 1992

i

Fig. 7. Pole contour of a magneto-static wave mode.

wave modes corresponds to the magneto-static wave

modes found in two dimensional plane wave structures

and here are called magneto-static waves. An example of

the pole contour of a magneto-static wave mode is shown

in Fig. 7. It is seen that the pole contour is not closed and

is shaped like a parabola. This is true for all the magneto-

static waves. The pole contour shown in Fig. 7 is for the

magneto-static wave which propagates toward the left-

hand side of the bias field. It is also seen that the pole

contour is asymptotically a straight line. Since the slope

at each point in the contour corresponds to an observation

angle, the slope of the straight line gives the upper or

lower bounds of the observation angle. This implies that

there is only a certain range of angles r) where this mag-

neto-static wave may propagate. There exists a critical

angle @Cwhich distinguishes the shadow region and the

illuminated region. The corresponding equi-phase con-

tour of this magneto-static wave mode is shown in Fig.

8. It is seen from Fig. 8 that outside the region of m – @C

= @ < r + ~C, the phase of the waves is always zero,

which means that the wave propagates infinitely slowly or

simply does not propagate. The critical angle @Cis a func-

tion of ferrite material parameters and the strength of the

bias field, and is not a function of the thickness of the

substrate, The power density of the magneto-static wave

mode as a function of the observation angle o is shown

in Fig, 9. It is interesting to see that the power is mostly

confined near the shadow region boundaries.
The pole contour of a magneto-static wave mode prop-

agating toward the right-hand side of the bias field is

shown in Fig. 10. The equi-phase contour and the power

pattern are shown in Fig. 11 and Fig. 12, respectively.

Since the bias field is assumed in the j direction, the waves

are symmetric to the x axis and asymmetric to the y axis.

Therefore, the magneto-static wave propagating toward

the left-hand side is very much different from the wave

propagating toward the right-hand side. It is seen from

Fig. 10, that the pole contour is asymptotically a straight

line but with a different slope from that of Fig. 7. Also,

the critical angle beyond which the waves can not prop-

4

i

Fig. 8. Equi-phase contour of a magneto-static wave mode.

Fig. 9. Power pattern of a magneto-static wave mode. d = 0.5 cm, c, =

15, H~c = 100 G, M, = 10Hd<, F = 2.5 GHz. Biased field in the y direc-

tion, current in the x direction.

k=

Fig. 10. Pole contour of a magneto-static wave mode.

agate is different. It is seen from Fig. 11 that the power

pattern has very high directivity close to the critical angle.
Mathematically, it is found that the observation angle

which exhibits such high directivity corresponds to a point

in the pole contour which is almost an inflection point (the

second derivative is zero).
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Fig. 11. Equi-phase contour ofa magneto-static wave mode,

$

]
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\

Fig. 12. Power pattemof amagneto-static wave mode. d = 0.5 cm, c, =
15, H~C = 100G, M, = 10H,<, F = 1.2 GHz. Biased Htieldm they

direction. current inthe.r direction.

In fact, the inflection points on the pole contour may

exist. An example is shown in Fig. 13. It is seen that the

slope of the pole contour may not always increase or de-

crease monotonically. When an inflection point occurs,

the asymtotic forms of the surface wave fields in (30) and

(31) are no longer valid. The inflection point is a second-

order saddle point where the corresponding observation

angle is still determined by (32); however the surface

wave fields are in the following forms:

exp [ –jp (k~ cos @ + j (k;) sin 0)1

~1 P(4) sin d

(4”1)

and

exp [ –jp (k; cos @ + j (k;) sin 4)1

~1 f!3)@;) sin d “

(42)

–o 35

–0.37

II
Inflection p~int

j inktimpint

-045~ b
o 4 8 12

Fig. 13. The slope of the pole contour of a magneto-static wave mode. d
= 0.5 cm, e, = 15, H~C = 100 G, M, = 10iY~C, F = 1.5 GHz. Biased H
field in the y direction, current in the x direction.

4

1,,,,,,,,,,,’x ;
x“’’’’’’’’’’’’’’’’”

Fig, 14. Equi-phase contour of a magneto-static wave mode with inflec-
tion points.

It is seen that at the observation angle where the inflection

point occurs, the surface waves decay as 1/3 instead of

1 /~. Therefore the surface waves at these particular an-

gles do not satisfy the radiation condition. However, the

total energy passing through any cylinder with radius P is

still finite, even though the power density at these partic-

ular angles is very high. Another interesting phenomenon

associated with the inflection point is that the waves may

propagate with several phase constants. From the results

shown in Figs. 13 and 14, it is possible to have three dif-

ferent propagation constants at one observation angle.

V. CONCLUSION

In this work, we study the surface waves modes of a

gyrotropic substrate due to a small electric dipole. The

surface wave modes propagating laterally are extracted

from the continuous plane wave spectrum by using the

residue theorem and the method of steepest descent. It

was found that there exist two distinct types of surface

wave modes. The dynamic surface wave modes which are

similar to the modes found for a dielectric substrate exist

for any direction of biasing and current orientation, and

the pole contours in the spectral plane are always closed.

The wave number at any observatiorl angle @ is always
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finite, bounded, and nonzero. The magneto-static modes

which arise due to the material properties of ferrite, exist

only for transverse biasing and horizontal current sources,

and the pole contours in the spectral plane are always open

and unbounded. There exist an angular region where

waves may propagate. Outside this region, the magneto-

static waves do not exist. For ferrite substrates, the surface

wave pole contour may have inflection points and at the

corresponding observation angles @, the waves decay as

1/~ instead of 1/~. In this case, the energy is highly

concentrated near the inflection angle. Also it was found

that if the pole contour has inflection points, the waves

propagating at an angle @ may have multiple phase con-

stants.

APPENDIX

The matrix elements of [A] defined in (11) are

a21 = O, a22 = O,

ky P., – kx ILyZ—

1
(~yvr,r+ kxu,y ) >

IJzz

ky P.: – k. Pyz

– (/-LXy+ wyx)kky – ~=

a33 = O, a34 = –: (k.vp., – k.~Y, ),

h IJyZ + kx I-L.,
—

~yyk; + (v.y + /.LyX)My

1(kypzy + kx+u ) ,

–jtipo
a42 = —

k2 [
–wxykt + ~y.k; + (wxx – ~yv)kxky

ky /-LyZ + k. IL.,
— 1(kyP,, – kvzy ) ,

/’%
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